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The relative residual fibre displacement after 
indentation loading and unloading of fibre- 
reinforced ceramic composites 
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The interfacial properties of fibre-reinforced ceramic composites have been evaluated by using 
the indentation technique. The ratio of the residual fibre displacement after complete 
unloading to the fibre displacement at peak loading is examined. Assuming a constant 
interfacial shear stress at an unbonded interface, this ratio is 0.5. However, deviation of this 
ratio from 0.5 is always obtained from experimental results. Both Poisson's effect and the 
existence of the residual axial stress have been proposed to explain this deviation. A 
methodology is presented in this study to classify conditions for which either Poisson's effect 
or the residual axial stress dominates this deviation. The application of this methodology to 
Nicalon fibre-reinforced lithium aluminosilicate glass-ceramic is also illustrated. 

1. I n t r o d u c t i o n  
The indentation technique (Fig. la) has been used to 
evaluate the interfacial properties of fibre-reinforced 
ceramic composites [1, 2]. An indentor is used to push 
on the exposed end of an embedded fibre along the 
axial direction of the fibre, and forward sliding occurs 
at the fibre/matrix interface. The compressive loading 
stress, cy, increases during loading to a desired peak 
value, cy*, and then decreases during unloading. Slid- 
ing occurs in the reverse sense during unloading. The 
stress-displacement relation at the exposed end of the 
fibre is recorded during the indentation loading and 
unloading process (Fig. lb). This stress-displacement 
relation has been analysed by several researchers 
[1 5]. By assuming an unbonded interface and a 
constant interracial shear stress along the sliding 
length, a simple analytical stress-displacement rela- 
tion can be obtained, and the fibre displacement (at 
the exposed end) after complete unloading (i.e. Uo in 
Fig. lb) is half that at the peak loading stress (i.e. u* in 
Fig. lb) [1]. However, the experimental results of SiC 
(Nicalon) fibre-reinforced lithium aluminosilicate 
glass-ceramic (LAS) matrix show that u 0 is less than 
half of u*, i.e. the relative residual fibre displacement, 
uo/u*, is less than 0.5 [1]. The factors contributing to 
Uo/U* being less than 0.5 have been studied, and three 
factors have been proposed: (1) Poisson's effect [3], (2) 
interracial bonding [4], and (3) residual compressive 
axial stresses [5]. 

The strength of interracial bonding depends on the 
individual composite system. However, composites 
with relatively weak interracial bonding, which is often 
needed to develop tough ceramic composites [6, 7], 
are considered in the present study. In this case, the 
contribution of the interfacial bonding strength to the 
negative deviation of uo/u* from 0.5 should be 
minimum. The purpose of the present study was to 

develop a methodology to classify conditions for 
which either Poisson's effect or the residual axial stress 
dominates the deviation of Uo/U* from 0.5. First, the 
roles of Poisson's effect and of the residual axial stress 
on the deviation of Uo/U* from 0.5 are summarized. 
Then, a methodology is developed based on the 
characteristics of these roles to classify conditions for 
which either Poisson's effect or the residual axial stress 
dominates the deviation of Uo/U* from 0.5. Finally, an 
example of the application of the methodology to 
Nicalon/LAS composite is illustrated. 

2. Roles of Poisson's e f f e c t  and the  
residual axial stress on Uo/U* 

2.1. Poisson's effect 
Poisson's effect is best exemplified by formulating the 
interfacial shear stress, % along the sliding interface. 
During axial loading on the fibre, the resultant inter- 
facial radial stress consists of two components: (1) cyc, 
the residual clamping stress (e.g. that due to the 
thermomechanical mismatch between the fibre and 
the matrix) which is usually considered to be a con- 
stant, and (2) cyp, the interracial radial compressive (or 
tensile) stress due to the axial compression (or tension) 
in the fibre and Poisson's effect. With Coulomb fric- 
tion, z i is dictated by 

~i = ~t(c~ + %) (1) 

where ta is the coefficient of friction. The experimental 
evidence of Poisson's effect has been supported by 
results obtained from the fibre pull-out and push-out 
tests for SiC fibre (AVCO SCS-6)-reinforced borosilic- 
ate glass (Corning 7740). Compared to fibre pull-out, 
fibre push-out requires higher stress due to higher 
frictional resistance induced by Poisson's effect [8]. 

Ignoring Poisson's effect, ~i is a constant and is 
equal to gcy~. With Poisson's effect, ~i is non-uniform 
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Figure 1 Schematic diagrams of (a) indentation loading showing 
sliding at the fibre/matrix interface and the displacement, u, at the 
exposed end of the embedded fibre, and (b) stress displacement 
relation at the exposed end of the embedded fibre during loading 
and unloading. 

due to the variation of ap along the sliding length. For 
example, during indentation loading, the axial com- 
pressive stress in the fibre and, hence, the interracial 
shear stress decrease with increasing distance under- 
neath the loaded surface, because of the stress trans- 
fer from the fibre to the matrix through interfacial 
shear [3]. 

The stress analysis considering Poisson's effect is 
very complicated. However, schematic examples of the 
axial strain distributions in the fibre, ~, at peak loading 
and complete unloading are shown in Fig. 2a, and b 
(see Fig. 2b in [3] for further detail), respectively. The 
slope of the curve is dictated by the stress transfer 
equation, such that [1 5] 

dE 2~i 
- ( 2 )  

dz aE e 

where z is the axial coordinate, a and E e are the radius 
and Young's modulus of the fibre, respectively. The 
non-linearity of the curve is due to Poisson's effect. 
The axial strain at the exposed end of the fibre is a* at 
the peak loading, and returns to zero after complete 
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unloading. The axial displacement at the exposed end 
of the fibre is the area encompassed by the axial strain 
curve and the z-axis, and is represented by the shaded 
area in Fig. 2. The relative residual fibre displacement, 
Uo/U*, being less than 0.5 can be visualized in Fig. 2b. 
The importance of Poisson's effect can be seen by 
comparing ac with a o. Poisson's effect becomes more 
prominent when Poisson's ratio of the fibre or the 
ratio of the loading stress to the residual clamping 
stress increases E3]. 

2.2. The residual  axial s t ress  
In the presence of the residual axial stress, the relative 
residual fibre displacement has previously been ana- 
lysed by ignoring Poisson's effect [5]. Schematic dia- 
grams of the axial strain distributions in the fibre, ~, 
before loading, at peak loading, and after complete 
unloading are shown in Fig. 3a-c, respectively. The 
residual compressive axial strain is zero at the surface, 
and increases linearly to a constant, G (see Fig. 3a), 
with the slope given by Equation 2, in which ri is 
assumed to be a constant. Displacements at the ex- 
posed end of the fibre are represented by the shaded 
areas in Fig. 3b for peak loading, and in Fig. 3c after 
complete unloading. 

Simple analytical solutions are obtained for the 
stress-displacement relations, and the relative residual 
displacement, Uo/U*, after complete unloading is [5] 

U 0 
- 0 for (a* < 2az) (3a) u* 

u o 1 
- -  l - -  

u* 2[1-2(~z)\o.,//q- 2 ( ~ , )  2] 

for (a* > 2az) (3b) 

where az is the residual compressive axial stress 
( = Ef8z) in the fibre. The existence of the residual 
compressive axial stress results in Uo/U* being less than 
0.5 (Fig. 3c). Conversely, in the presence'of the residual 
tensile axial stress, Uo/U* is greater than 0.5. However, 
the effect of the residual axial stress on the deviation of 
Uo/U* from 0.5 becomes less prominent when the peak 
loading stress on the fibre increases [5]. 

3. The methodology 
The methodology can be established based on the 
opposite trends of the roles of the Poisson's effect and 
of the residual axial stress on the deviation of the 
relative residual fibre displacement, Uo/U*, from 0.5 
when the peak loading stress, ~*, on the fibre in- 
creases. Experimental results of increasing negative 
deviation of Uo/U* from 0.5 with increasing a* would 
indicate that this deviation is dominated by Poisson's 
effect based on the last section. On the contrary, 
experimental results of decreasing negative deviation 
of Uo/U* from 0.5 with increasing a* would indicate 
that this deviation is dominated by the residual axial 
stress. 
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Figure 2 Schematic illustration of the axial strain distribution in the fibre, s, (a) at peak loading, and (b) after complete unloading when 
Poisson's effect is considered. Displacements at the exposed end of the fibre are represented by the shaded areas. 
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Figure 3 Schematic illustration showing the axial strain distribution in the fibre (a) before loading, (b) at peak loading, and (c) after complete 
unloading when the residual axial stress, % ( = Else), is considered (for s* > 2sz). Displacements at fhe exposed end of the fibre are 
represented by the shaded areas. 

4. The appl icat ion of  the  m e t h o d o l o g y  
To test the methodology, experiments were performed 
on Nicalon/LAS composites, which have weak 
bonding at the interface and Er = 200 GPa,  
E m = 80 GPa,  vf = 0.15 and v m = 0.3, where E and v 
are Young's modulus and Poisson's ratio, and the 
subscripts f and m denote the fibre a n d  the matrix, 
respectively. The volume fraction of fibres in the com- 
posite is 0.3. Owing to this high volume fraction, the 
rule of mixtures is used to estimate the elastic proper- 
ties for the matrix (i.e. E m = 116 GPa,  and v m = 0.25) 
because the material surrounding the fibre is treated 
as the matrix in analysing the indentation test I-3]. 

4.1. E x p e r i m e n t s  
The experimental procedures in obtaining the relative 

residual fibre displacement, Uo/U*, versus the peak 
loading stress, ~*, are summarized as follows. First, 
indentation loading and unloading was performed on 
Nicalon/LAS composites at different maximum load- 
ing stresses, o*, and both the maximum fibre displace- 
ment, u*, at peak loading and the residual fibre 
displacement, Uo, after complete unloading were 
recorded. Then, a second order polynomial was fitted 
to the u* versus ~* and the u o versus o* curves, 
respectively, as shown in Fig. 4. Finally, the resulting 
polynomial expressions were used to calculate Uo/U* 
as a function of c~* (see Fig. 5). 

4.2. P r e d i c t i o n s  
The predicted results for the analysis considering 
Poisson's effect [3] were calculated using ~t = 0.089 
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Figure 4 The maximum fibre displacement, u*, at peak loading, and the residual fibre displacement, u0, after complete unloading, as functions 
of the peak loading stress, c~*, for Nicalon/LAS composites. Second-order polynomial fitting curves ( ) are also shown. 

and ~c = - 21 MPa  (negative sign for compression), 
which have been obtained previously [3] by applying 
the analysis to the Nicalon/LAS composite. However, 
to illustrate the trend of Poisson's effect, the predicted 
results for vf = 0.3 (other than 0.15) were also shown. 

The prediction of Uo/U* from the analysis consider- 
ing the residual axial stress (i.e. Equation 3b) [5] is 
contingent upon the determination of the residual 
axial stress, c~=. Ideally, c~= can be obtained from 
extrapolation of the experimental Uo/U* versus ~* 
curve (i.e. u 0 = 0 at ~ * =  2oz). However, it is not 
feasible in the present study because a significant error 
in est imating c~ can result from extrapolation of the 
limited data available at low peak loading stresses. 
Alternatively, c~ z can be obtained from the residual 
stress analysis. When the residual stress is due to an 
isotropic mismatch strain between the fibre and the 
matrix, the residual axial stress in the fibre can be 
related to the residual radial stress at the bonded 
fibre/matrix interface by combining Equations ?a and 
b in [9], such that 

I (1 -~" V m ) E f ~ ( y  c 

o= = 1 + (1 4- vf)EmJ (4) 

The residual axial stress estimated from Equation 4 
and % -- - 21 M P a  is - 60 MPa. 

Using o= = - 60 MPa,  the predicted results for the 
analysis considering the residual axial stress are 
shown in Fig. 5. To illustrate the effect of %, the 
predicted results for oz = - 30 MPa  are also shown. 

4.3.  C o m p a r i s o n  
The predictions based on Poisson's effect considera- 
tion and the residual axial stress consideration have 

the opposing trends of the peak loading stress depend- 
ence of Uo/U* (Fig. 5). Considering the curves predicted 
for c~ z = -  60 MPa  from Equation 3b and for 
vf = 0.15 based on Poisson's effect, it is evident that 
for - c~* < 700 MPa,  the residual axial stress dom- 
inates the relative residual displacement. This 
domination is reflected by the deviation of the pre- 
dicted Uo/U* from the idealized value of 0.5 based on 
the residual axial stress consideration, is greater 
than that based on Poisson's effect. As - o* exceeds 
700 MPa,  Uo/U* is controlled by Poisson's effect. A 
similar opposing trend is exhibited by the experi- 
mental data, which are well-described by Equation 3b 
for - o * <  7 0 0 M P a  and by Poisson's effect for 
- ~* > 700 MPa. 

The predicted curves in Fig. 5 also illustrate the 
effects of the magnitudes o= and vf on the relative 
residual fibre displacement. Considering the effect of 
the residual axial stress, a decrease (in magnitude) in 
~= shifts the Uo/U* versus c~* curve to the left which, 
in turn, lowers the critical transition stress from 
700 MPa  to 500 MPa. Considering Poisson's effect, an 
increase in vf increases the extent of the Poisson's 
effect, and the transition stress is lowered to approx- 
imately 550 MPa. 

4.4. Discussion 
The opposing effects of c~ and vf on the predicted 
Uo/U* versus c~* curves are confirmed by the experi- 
mental results (Fig. 5). However, a more accurate 
estimation of oz and vf with the above methodology is 
limited by several factors. First, Poisson's effect and 
the residual axial stress effect are treated separately in 
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Figure 5 The relative residual fibre displacements after indentation loading and unloading, Uo/U*, as functions of the peak loading stess, cy*. 
(- ~ Poisson's effect consideration, ( - ) residual axial stress consideration, (�9 experimental data, ( ) second-order polynomial fitting 
for Nicalon/LAS composites. 

the present study, and possible synergistic effects are 
not taken into account. Second, the influence of inter- 
facial bonding upon the relative residual axial dis- 
placement is ignored. Available experimental data for 
the Nicalon/LAS system indicate that a small but 
finite loading stress (<  50 MPa) is generally required 
to initiate fibre sliding. Consequently, the accurate 
evaluation of cyz and vf from the experimental Uo/U* 
versus ~* data awaits development of a more compre- 
hensive model accounting for these three factors: 
Poisson's effect, residual axial stresses, and interfacial 
bonding. 

5. Conclusion 
Assuming a constant interfacial shear stress along the 
sliding interface (i.e. ignoring Poisson's effect), the 
analytical solution for indentation loading and un- 
loading can be readily obtained [1, 5]. Considering 
Poisson's effect, the stress analysis is complicated, and 
existing solutions consider only the bonding and the 
residual clamping stress at the interface but not the 
residual axial stress [3, 4]. A complete solution ac- 
counting for the residual axial stress can be obtained 
by modifying the analyses given elsewhere [3, 4] based 
on other work [10, 11]; however, the analyses are 
formidable and are beyond the scope of the present 
study. 

In the present study, a methodology is presented to 
classify conditions for which either Poisson's effect or 
the residual axial stress dominates the deviation of the 
relative residual fibre displacement from 0.5. The 

general trend shows that Poisson's effect becomes 
more important when the peak loading stress to the 
residual clamping stress ratio increases, and that the 
effect of the residual axial stress becomes more import- 
ant when the peak loading stress to the residual axial 
stress ratio decreases. However, in the presence of 
both a weak interface and a strong residual axial 
stress, interracial debonding and relaxation of the 
residual axial stress can occur without external app- 
lied stresses [11]. Protrusion of the fibre from the 
composite during specimen preparation has been ob- 
served for the Nicalon fibre reinforced-macro defect- 
free cement composite [2] which indicates existence of 
both weak interfaces and residual compressive axial 
stresses in the fibre. Compared to Poisson's effect, the 
effect of the residual axial stress on the deviation of the 
relative residual fibre displacement from 0.5 after in- 
dentation loading and unloading tends to be obscured 
for the ceramic composite due to the weak interface. 
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